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Functional Analysis

Define a normed linear space. Prove that addition and scalar multiplication in the

normed linear space V are continuous

Define Banach space. Show that a real line R is Banach space.

Let N and N'be normed linear spaces with the same scalars and a linear transformation
T:N — N'. Then show that the following are equivalent to each other: 7

(i) T iscontinuous on N.
(i) T is continuous at the origin.
(i) T is bounded.

Let N be a non-zero normed linear space and M = {x/x € N and |[x|| = 1}. Then prove
that N is a Banach space if and only if M is complete.

State and prove Hanh Banach theorem for real normed linear space.

Prove that N* separates vectors in N, where N*is the conjugate space of N.

State open mapping theorem and deduce closed graph theorem.

If P is a projection on a Banach space B and M and N are its range and null spaces
respectively, then show that M and N are closed linear subspaces of B such that B =

M ©N.

State and prove that parallelogram law and polarization identity holds in a Hilbert space.
Let M be a closed linear subspace of a Hilbert space H. Letx € Hwithx € M and d =
d(x, M). Then show that there exists a unique y, € M such that ||x — y, || = d.

If M is a closed linear subspace of a Hilbert space H, then prove that H = M @ M+,
where M+is an orthogonal complement of M.

Define complete orthonormal set. Let H be a Hilbert space and let {e;} be an
orthonormal set in H. Then show that the following conditions are equivalent to one
another.

i. {e;} iscomplete.
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(i)

ii. x L{eg}=>x=0.

iii. If x is an arbitrary vector in H, then x = Z(x, e;e;.
7

If x is an arbitrary vector in H, then ||x||? = Z|(x, e;)|?.
i

Define self adjoint operator on a Hilbert space H. If A; and A, are self adjoint operators
on H, then show that A; A, is self adjoint if and only if A;A,=A4,A4;.

If T is an arbitrary operator on a Hilbert space, then prove the following:

i. T = 0ifandonlyif(Tx,y)=0,forall x,y e H

ii. T = 0ifandonlyif(Tx,x)=0,forall x,y € H.

If N; and N, are normal operators on a Hilbert space H with the property that either of

them commutes with the adjoint of other, then prove that N; + N, and N; N, are normal.

If P is a projection on a Hilbert space H with range M and null space N, then show that
M is orthogonal to N if and only if P is self adjoint and in this case N = M+, where M+

is the orthogonal complement of M

State and prove

Cauchy — Schwartz inequality  (ii) Minkowski inequality

Show that the collection B(X) of all bounded functions on a set X is a complete

normed linear space.

Show that ifT: N — N'is a linear transformation between normed linear spaces N and

N, then prove that the following are equivalent.

T is continuous

(i) T is continuous at the origin
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. Let M be a closed linear subspace of a normed linear space N. Show that% is a
normed linear space with the norm defined by lx + M ll=inf{lx+ml/me

M}.Also if N is a Banach space then prove that% is also a Banach space.

If S:N - N'is a continuous linear transformation and M a null space. Show that
Sinduces a natural linear transformation S’ of%to N'suchthat || S lI=Il S'II.
Let Mbe a linear subspace of a normed linear space N. Ifx, € Nwith x, € M and



My, = M + [x,], then prove that f can be extended to a functional f; on M, such
that||fol] = |If1].

24. If N is a normed linear space and x, € N, x, # 0, then prove that there is a f, € N*with ||
fo II= 1. Hence deduce that N* separates vectors in N.

25. Prove that there is a natural imbedding of N into N** by the isometricisomorphism
@:N — N** defined by ¢ (x) = F,, for all x in N whereF,(f) = f(x)V f in N*

26. State and prove closed graph theorem

27. Show that a closed convex subset C of a Hilbert space H contains a unique vector of
smallest norm

28. If B is a complex Banach space whose norm obeys the parallelogram law and if an inner
product is defined on Bhy4<x,y>=lx+yIP=llx—yI?2+illx+iyl* -
il x — iy lI*for all x, y € B, thenshow that B is a Hilbert space.

29. State and prove Gram Schmidt orthogonalizationtheorem

30. State and prove Bessel’s inequality.

31.1f A; and A, are self-adjoint operators on H, then prove that their product A;A4, is self-
adjoint if and only if A;4, = A,A;.

32.1f 0 and I are zero and identity operators on H, then prove that 0* = 0 and I* = I.

Hence show that if T is non — singular operator on H then T*is also non — singular

33. Let T be a normal operator on a Hilbert space H and f a polynomial with complex

coefficients. Then prove that the operator f(T) is normal.

34. If T is an operator on a Hilbert space H, then prove that the following conditions are all

equivalent to one another:
) T'T=1I
i) <Tx,Ty>=<x,y>forallx,y e H
Il Tx =l x |I, forall x € H.
35. If P,, P,, ..., B,are projections on closed linear subspaces M;, M,, ..., M,, of a Hilbert space
H, then prove that P; + P,+...+PB, is a projection if and only if P;’s are pairwise

orthogonal.

36. State and prove spectral theorem.



