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Riemannian Geometry: 

1. a)  Define Smooth manifold. The subset M⊂R2 defined by M ={(sin2𝜋𝑠, 𝑠𝑖𝑛𝜋𝑠), 𝑆 ∈ 𝑀 } 

is called figure-8 and M is not adifferential Manifold  

b)  Define Tangent space. Φ : M→N be a 𝑐∞  map and  f,g ∈ C then show that  

i. Φ* ( f + g) = Φ* f + Φ* g 

ii. Φ* ( f g) = Φ* f . Φ* g 

iii. Φ* ( 𝛾f ) = 𝛾 Φ* f     𝛾 ∈ R 

OR 

b) Define smooth maps. Φ: M → Mˊ and  𝜑 : Mˊ → Mˊˊ are C map then show that 

(𝜑 𝑜 𝛷)*= Φ *o 𝜑* 

2. a) If 𝑋 = 𝑦𝑧
𝜕

𝜕𝑥
    , 𝑌 = 𝑧𝑥

𝜕

𝜕𝑦
  , 𝑍 = 𝑥𝑦

𝜕

𝜕𝑧
  then verify the  Jacobi Identity for Lie bracket 

of vector fileds. 

b) Define Riemannian connection. Ad prove that R is a field of type (1,3) 

3. Define Diffiomorphism. And show that [𝑋, [𝑌, 𝑍]] + [𝑌, [𝑍, 𝑋]] + [𝑍, [𝑋, 𝑌]] = 0 as a 

Jocobi identity 

4. Explain Jacobi Map. Let   Φ: R2 → R3     Φ(x,y)= (u2 v+v2 ,u-2v3 ,-evu ).  Evaluate   

Φ*(0,1)= (4
𝜕

𝜕𝑢
−

𝜕

𝜕𝑣
) 

5. State and Prove Bainchi 2nd Identity 

6. For the components 𝛤𝑖𝑗 
ℎ   of a remannian  connection ∇ on ,anifold of (M,g) 

i. 𝜕k 𝑔ij = 𝑔hj𝛤𝑘𝑖 
ℎ  + 𝑔hi𝛤𝑘𝑗 

ℎ   

ii.  𝛤𝑘𝑖 
ℎ   =𝜕j𝑙𝑜𝑔√𝑔  where 𝑔 = |𝑔ij | 

7. State and prove Fundamental theorem of Remannian Geometry 

OR 

Define Cotangent Tensors. Let 𝑇 , 𝑆 ∈ 𝐷𝑠
𝑟 . 𝑡ℎ𝑒𝑛    ∇𝑋(T +S)= ∇𝑋T +∇𝑋S, 

Let  𝑇 ∈ 𝐷𝑠
𝑟(𝑀), 𝑆 ∈ 𝐷𝑞

𝑝(𝑀) , 𝑓 ∈ 𝑐∞  𝛼 ∈ R. Then 

i. ∇𝑋(T ⊗S)= (∇𝑋T) ⊗ 𝑆 +𝑆 ⊗ (∇𝑋S) 

ii. ∇𝑋(𝑓𝑇)= (𝑋𝑓)T +𝑓(∇𝑋T) 

 

8. State and Prove Bainchi First Identity 

OR 

Define tensors on Manifolds and explain the followings 

i. Component of tensors 

ii. Transformation formula for components of Tensors. 



 


